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Implicit Model Following and Parameter
Identification of Unstable Aircraft

J.V. Lebacqz* and K.S. Govindarajt
Calspan Corporation, Advanced Technology Center, Buffalo, N.Y.

A transformation in the s-plane is described which has utility in implicit model-following optimal control
design application and in estimation or parameter identification problems. The objective of the transformation
is, for the control problem, to achieve an unstable closed-loop system, and, for the estimation problem, to
alleviate algorithm convergence problems that may arise in identifying unstable systems. For the control
problem, the transformation is a shift along the real (a) axis of the plant and model poles and zeros. This
transformation is shown to be equivalent to a modified performance index but offers the advantage of com-
patibility with existing optimal control solution algorithms. For the estimation problem, the data are multiplied
by an exponential function and the assumed measurement and process noise covariances are appropriately
modified. Examples of both control and estimation applications are presented.

Nomenclature
F =nxn plant matrix
G = n x m control matrix
H =/? x 1 output matrix
J = performance index
L = model matrix
Q = state vector weighting matrix
q =body axis pitch rate (deg/s, rad/s)
R = control vector weighting matrix
u =mxl control vector
ux = velocity along body jc-axis (ft/s)
v = measurement noise, white Gaussian
w = plant noise, white Gaussian
wz = velocity ajong body z-axis (ft/s)
x = nxl state vector
y =px\ output vector
0 = pitch attitude (deg, rad)
dES = input which produces pitching moment
d( = input which produces thrust
<JT = amount of eigenvalue shift along the real axis

Introduction

THE use of variable stability aircraft for flight research
experiments implies the application of control theory for

configuration preparation and estimation theory for con-
figuration validation. Unless the aircraft has independent
force and moment effectors for all the degrees of freedom of
interest, the control application is nontrivial because not all
characteristics of the model can be perfectly matched.
Similarly, unless the aircraft variable stability system is of the
explicit model-following type, the estimation application is
nontrivial because the achieved configuration characteristics
must be determined from flight data. Accordingly, specialized
control and estimation applications are frequently required
during the design and conduct of an experiment.
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Examples of aircraft for which these specialized ap-
plications have been particularly important are the Calspan
variable stability NT-33A and X-22A research aircraft. Both
aircraft have variable stability systems of the response
feedback type, but with fewer controls than degrees of
freedom so that all characteristics of an arbitrary six-degree-
of-freedom model cannot be matched exactly. Because an
inexact match of the model is obtained, in some cases the
implicit model-following variant of the linear-quadratic-
optimal regulator has been found to be a useful method for
computing simulation variable stability system (VSS) gains.1
Furthermore, because the variable stability systems use
response-freedback techniques, nonignorable measurement
noise plus modeling errors may be present, and fairly
sophisticated parameter estimation procedures have been
found to be necessary for configuration validation.2

Recent experiments with both aircraft required simulation
and parameter identification of models with unstable
characteristic roots.3'4 The previously used procedures were
found to be inappropriate for this problem because:

1) The typical implicit model-following optimal regulator
procedure, which is based on using the positive definite
solution to a Riccati equation, will always lead to a stable
closed-loop system (for state-weighting matrix non-negative
definite, control weighting matrix positive definite). In
particular, the closed-loop system will be stable even if the
model is unstable. Hence, the desired unstable eigenvalues of
the model will not be in the resulting simulation if the gains
are computed in this fashion.
2) The estimation of the achieved simulation parameters
from flight data is difficult because of algorithm convergence
problems occasioned by the unstable dynamics.

To circumvent these difficulties, a modification to the
implicit model-following optimal regulator problem, which
consists of a transformation along the real axis, was made.
Although developed for this application by considering the
locations of the plant and model poles in the optimal solution
root-square locus, the transformation is equivalent to the
problem of an optimal regulator with a prescribed degree of
stability as formulated by Anderson and Moore5 and
discussed by Kreindler.6 This relationship is reviewed in this
paper following the development of the transformation from
the root-square locus viewpoint. The straightforward con-
ceptual extension of the procedure to the estimation problem
is also reviewed. Examples of both the control and estimation
applications are given to verify the usefulness of the
procedure.
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a-Shifted Transformation

Control
The implicit model-following optimal regulator problem

may be formulated for the general case as follows7:

min /= [ (y-Ly) TQ(y-Ly) +uTRu]dt

subject to

x=Fx+Gu y=Ly y=Hx

(1)

(2)

Picking H=I for simplicity (e.g., F and L same dimension),
the control law that results is

u= - [GTQG+R] ~]GT[Q(F-L) +P]X (3)

P+PF+FTP-PGR-1GTP= -HTQH (4)

where

F=F-G[GTQG + R]-1GTQ(F-L) (5a)

Q = Q-QG[GTQG + R]~IGTQ (5b)

R = GTQG+R (5c)

H=F-L (5d)

The closed-loop eigenvalues of F-G[GTQG+R] ~l

GT[Q(F-L)+P] are guaranteed to be stable for Q non-
negative definite and R positive definite, which can be seen by
noting that Q [Eq. (5b)[ will be non-negative definite under
these conditions, and Q>0 corresponds to the constraint
required for regulators with cross terms in the performance
index.5

A convenient technique for examining the effects of Q and
R on the closed-loop eigenvalues is the root-square locus
procedure.8 For the problem discussed here Eqs. (1-5), it may
be shown that the closed-loop roots are solutions to the
following root-square locus expression 9:

det{/+/? ~*GT[ -Is-FT] -' [ -Is-LT]

xQ[Is-L][Is-F] - ;G)=0 (6)

Note that the "poles" of the locus are given by the open-loop
plant poles (det [ I s - F ] ) and their adjoints (det { -Is-FT)),
while the "zeros" are determined by the plant zeros and the
model poles plus adjoints. The locus of the solutions to Eq.
(6) as a function of Q and/or R is symmetric about both the a
and y'w axes of the s-plane for Q non-negative definite and R
positive definite. The realizable closed-loop solution for the
control law given by Eq. (3) is always in the a<0 (left) half-
plane, regardless of whether the open-loop plant and/or
model roots are in the right half-plane; the <r>0 half-plane is
the adjoint solution. In particular, if the model pole is in the
right half-plane, the realizable closed-loop locus is migrating
to the adjoint of this pole in the left half-plane.

If, for some reason, it is desired to have the closed-loop
poles approach the roots of an unstable model, it can
therefore be seen that some modification to the usual
procedure is required. A transformation to achieve this result
is suggested by the root-square loci. If the computations could
be performed for a transformed system in which the model is
stable, then it may be possible to have all the adjoint zeros of
the locus in the a>0 half -plane, so that the plant roots would
migrate toward the actual model roots instead of their ad-
joints. Transforming back to the original system then would
give matching of unstable characteristics.

The requisite transformation is a shift along the a-axis. The
eigenvalues of the plant and model are given by

(7)

where B, C are the eigenvector matrices for the plant and
model, respectively. Choose a positive value of o( =ar) such
that, when it is subtracted from the most unstable model
eigenvalue, real or complex, the new eigenvalue would be
stable. Define

Then

Am=Am-a r / (8)

B-'FB = Ap if F=F-aTI (9a)

C~]LC=Am if L=L-aTI (9b)

Consider, therefore, a transformed optimal regulator
problem:

min /= \"((j-Ly)TQ(y-ty)+uTRu}dt (10)
u JO

subject to

* y=Ly y=Hx (11)

For this problem, the actual model roots are in the left half-
plane, and hence the root-square loci can approach them to
the extent desired via appropriate selection of the weighting
matrices.

Calling the resulting control ii= -Kx, and the augmented
closed-loop eigenvalues A^ , we have

A-1[F-GK]A=AA

With respect to the original system, therefore,

A ~l [F- GK] A = AA + aTI=AA

(12)

(13)

Hence, if thejcontrol design procedure made A^ = AOT in the
transformed system, then AA =Am as desired in the original
system because Am = Aw + oTI. Figure 1 sketches the results of
this procedure for an unstable model.

To show the relationship of this procedure to the previously
proposed performance index,6 we note that the variables in
the original and a-shifted systems are related via the shift
theorem of Laplace transformation as

x=xe~~aTt therefore x=xe-art -oTIx (14a)

y=ye-aTf therefore y=ye~°Tf -oTIy (14b)

u = ue-aT< (14c)

Then

=x- (F-oTI)x-Gu=x-Px-Gu (15a)

(15b)

Therefore, the problem as posed in Eqs. (10) and (11) is, in the
untransformed system,

min /= e-2°T'{(y-Ly)TQ(y-Ly)+uTRu}dt (16)
u JO



MARCH-APRIL 1980 IMPLICIT MODEL FOLLOWING AND PARAMETER IDENTIFICATION 121

ORIGINAL IMAGINARY TRANSFORMED
AXIS IMAGINARY AXIS

E(v}=0

MODEL POLE ADJOINT
IN ORIGINAL SYSTEM

TRANSFORMED
LOCUS

PLANT POLES
71

Fig. 1 Example of transformed optimal control solution.

subject to Eqs. (2). The expression in Eq. (16) is one of the
specialized performance indices suggested by Kreindler and
Jameson.6 Further, it is similar in concept to the notion of
prescribed stability, with only the sign of the exponent
reversed.5 The advantage of considering the transformed
system [Eqs. (10) and (11)] is that no modification to existing
algorithms (e.g., Riccati equation solution) is required, and
that the root-square locus provides a rational means of
specifying <JT by considering the location of the most unstable
model root.

Estimation/Filtering
The extension of the above concept to optimal filtering

and/or estimation is straightforward. The estimation ap-
plication appears to be particularly useful in parameter
identification problems when the plant is unstable; in many
instances, convergence of digital identification algorithms is
difficult to attain for such cases because of, for example,
sensitivity to initial conditions (reference trajectory).

The standard filtering problem for our application is given
by

x=Fx+Gu + w

y=Hx+v

(plant) (17a)

(measurements) (17b)

where

E(v}=0

E{vvT\=R

E[wvT}=0

(17c)

(17d)

(17e)

(17f)

The optimal estimate of x is given by the Kalman-Bucy
filter. 10 By analogy with the control problem, assume F
unstable and select OT on the basis of the most unstable
eigenvalue. Again let

Also,

w = we-°Ttv = ve-aTt

Then the a-shifted problem becomes

x=(F-oTI)x+Gu + w

y=Hx+v

(18)

(19a)

(19b)

E[wvT}=0

(19c)

(19d)

(19e)

(190

The solution to this problem is again the Kalman-Bucy filter,
only now the process and measurement noise covariance
matrices are time-varying. In terms of the initial given data,
the measurements of the states (y) and inputs (u) must be
multiplied by e~aT*. Hence, the extent of the shift dictates to
some extent the length of useful data record, although in
theory, given sufficient resolution in the computational
processes, quantities such as signal-to-noise ratio or. "ratio"
of covariance matrices remain constant and so no limit should
exist.

For parameter identification problems in which the state
model may be assumed linear and the process noise negligible,
a useful parameterization of Eqs. (17) is the phase variable
canonical transformation.11

Let

(20a)

where Tf is a matrix whose rows are the the coefficients of the
numerator polynomials of the states x to the /th controller t/,.
For example, the numerators of transfer functions xl/ui and
x2lui are

(20b)

(21a)

(21b)

Then Eqs. (17a) and (17b) become

where

y=H0z + v

GO=T->G
The matrices F0 and G0 are given by

0

0

1
0

-On -C

0

1

-<*•>

0

0

-*,.-/J
The elements of the last row of F0 matrix are obtained from
the coefficients of the characteristic polynomial of F

\sI-F\ =sn+an_Is"-1 + an_2sn~2 + ...

With this form of the equations, the a-shifted equation set is

z'= (Fo-arKz + GoU^FoZ + GoUi (22a)

y=H0z + v (22b)

Note that the H0 is unaffected; the transformation moves
both poles and zeros in the s-plane but does not alter their
positions relative to each other. The transformed F0 results in
known but nonzero diagonal terms (f0.. = — ar, iV/i) and a
modification to the term representing the highest order
coefficient of the characteristic equation (f0 =-dn_I
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=fow -ar= -an_j -ar). By virtue of the fact that F0
provides a stable system in z, however, the identification of
a0> al,...dn_l appears to be facilitated.

Applications

Control
It is admitted at the outset that the control applications of

the (T-shifted transformation appear currently to be limited to
the problem discussed earlier: the simulation of the unstable
system by another system which does not have independent
control over all degrees of freedom. To illustrate how the
concept works, the example concerns the simulation of the
AV-8B aircraft using the X-22A aircraft.5

For this problem, a linearized longitudinal dynamic model
of the AV-8B at several flight conditions was developed from
estimated aerodynamic data. Consider the longitudinal
dynamics, for which the appropriate equation of motion is

' «*~
*«
0

U J

-

' xu xw -gcos00 -w0~

zu zw -gsin00 u0

0 0 0 1
*** **1 f\ »*•

5/7C &T

0 0 L 5r J

r

" «x

w,
0

. ^ .

0
mo

(23)
7or the developed AV-8B model, an example characteristic
nodelis, at 65 knots:

:,= .

" -.044 .01 -32.16 -14.15 "

-.092 -.24 -1.69 100.53

0 0 0 1

_ -.0026 .0021 0 -.191

(24)

The eigenvalues of L are

s/ = .4% 52 = - .627 s3>4 =. 172 ±j .234 (25)

The plant (X-22A) equations at the 65-knot flight condition
are

(26a)

" -.183

-.218

0

. -.0098

" -.353

.065

0

.319

-.02 -32.16 -14.15 "

-.574 -1.69 100.5

0 0 1

-.0171 0 -.145

.69 "

-.89

0

.024 ^

(26b)

Using a shift of a r= 1.0 and, to emphasize pitch following,
weighting matrices of

Q=diag[l,l,l,105]

£=diag[.001, .001]

Fig. 2 Longitudinal time
histories of simulation:
(r=65knots,0,=81deg,
bES doublet.

the closed-loop eigenvalues of F-GK are
= .298 ± .216 (27)s, = .499 s2 = - .674 3i4

Figure 2 shows time history responses to a doublet input of
the simulation. The effect of the a-shift may be seen by letting
aT =? 0 and using the same Q, /?; the eigenvalues of the closed-
loop system in this case are

s-j =-.478 52=-.695 s3>4=-.3l4±j .242 (28)

As was discussed previously, without the a-shift it is not
possible to match the unstable eigenvalue with conventional
implicit model-following optimal control procedures.

Parameter Identification
As an example of parameter identification applications, a

case from the other variable stability airplane will be* used.
The USAF NT-3 3 A has a three-axis variable stability system
of the same type as the X-22A. In a recent program,
variations in longitudinal dynamics were examined during a
landing approach task; among the configurations investigated
were a few with statically unstable dynamics.4 To identify the
achieved characteristics for these cases, the a-shifted
estimation procedure was used . ! l

The equations for this identification problem are the state
equation given by Eq. (23) plus the measurement equation:

(29)

where the subscript m means measurement, the subscript b
means constant bias parameter, and the errors are assumed
white noise with uncorrelated known variance. These
equations were transformed to the phase variable form [Eqs.
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Fig. 3 Time history comparisons.

(21)]. With the transformation

u

w i

hi

hi

s
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'34

Z2

Z3

(30)

the transformed equations are given by

L z4 J

0 1

0 0

0 0

0

1
0

0 "

0

1
-«5.

" Z j ~

Z2

Z3

-Z4 _

+

" 0 "

0

0

_ 1 _

,4
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h

(31b)

Since q = 0 and also since the numerator polynomial of 0 is a
second degree polynomial, it follows that t3l=t42, t32 = t43,
t33 =^44, t34 =0, t41 =0. F value of aT = 0.3 was selected [Eq.
(22)] and the denominator polynomial coefficients and the
elements of the transformation matrix were identified.11

Figure 3 shows the time history comparisons of computed
responses using the identified parameters with the actual
flight data. The phase variable form was used for iden-
tification since the parameters of the phase variable form are
transfer function coefficients and hence more closely related
to the flying qualities than the parameters of Eq. (23). This
configuration had one unstable root. The identified roots of

the characteristic polynomial are

Sj = .l\94 s2= -2.0198 s ,̂ = -.235 ±y. 1898

It is emphasized that without the shift it was not possible to
achieve algorithm convergence for even this fairly simple
example.

Conclusions
By considering the root-square locus representation of the

linear quadratic optimal regulator problem, a transformation
was used to solve the particular problem of implicit model
following when the model has one or more unstable eigen-
values. It has been shown that this interpretation is equivalent
to a modified performance index. The advantage of the
transformation is that it permits use of existing algorithms
and does not require unusual values of the weighting matrices
in the performance index. At the present time, the control
applications appear to be limited in scope; the author's
particular problem of intentionally destabilizing an aircraft
was a specialized one. The extension of the concept to
parameter estimation problems should have more general
applicability, however, as it has been shown to be very useful
in this context; a particular application of promise is
parameter estimation of unaugmented helicopters. An in-
teresting avenue for further research would be the in-
vestigation of the effects of such a shift in explicit or com-
bined implicit-explicit model following in terms of the
magnitudes of the resulting feedback and feedforward gains.
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